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Matched Asymptotic Expansions Applied to Scattering Calculations
Abstract
The diffraction of elastic waves by inclusions, cavities and cracks has been the subject of numerous studies in
recent years. Because of analytical difficulties, however, most of these studies have dealt with spherical or
circular inclusions and straight or circular cracks. In a series of recent papers we have shown that for long
wavelengths it is possible to obtain an asymptotic expansion of the scattered field by the method of matched
asymptotic expansions. These papers have dealt with ellipsoidal and elliptic inclusions. We also have been able
to use this technique to solve scattering problems in a half-space. In this paper we present briefly the results
that we have obtained in the course of this investigation. The results include scattering by ellipsoidal inclusions
in three dimensions and elliptic cylinders in two dimensions, by buried circular cavities and elliptical
inclusions in a halfspace, and by an edge crack. In the context of the last problem it is shown that MAE
together with analytic function techniques can be used to solve many (not necessarily straight) crack
problems in two dimensions.
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HATCHED ASYMPTOTIC EXPANSIONS 
APPLIED TO SCATTERING CALCULATIONS• 
S. K. Datta 
University of Colorado 
Boulder, Colorado BD309 
ABSTRACT 
The diffraction of elastic waves by inclusions, cavities and cracks has been the subject of numerous 
studies in recent years. Because of analytical difficulties, however, most of these studies have dealt 
with spherical or circular inclusions and straight or circular cracks. In a series of recent papers we 
have shown that for long wavelengths it is possible to obtain an asymptotic expansion of the scattered 
field by the method of matched asymptotic expansions. These papers have dealt with ellipsoidal and 
elliptic inclusions. We also have been ~ble to use this technique to solve scattering problems in a 
half-space. In this paper we present briefly the results that we have obtained in the course of this 
investigation. The results include scattering by ellipsoidal inclusions in three dimensions and 
elliptic cylinders in two dimensions, by buried circular cavities and elliptical inclusions in a half-
space, and by an edge crack. In the context of the last problem it is shown that MAE together with ana-
lytic function techniques can be used to solve many (not necessarily straight) crack problems in two 
dimensions. 
Introduction and Summary of the Results 
The equation governing the displacement field 
~ in a homogeneous isotropic linearly elastic solid 
is 
(1) 
where harmonic time dependence has been assumed. 
c1 , c2 are the longitudinal and shear wave speeds in the medium. If an inclusion of different 
material properties is assumed to be ~!bedded in 
this medium then the problem is to an~lyze tbe 
scattered displacement field, denote~ by y(s), 
when an incident wave, denoted by u(l), impinges 
on the inclusion. We shall assume-thit the in-
clusion occupies a finite volume V (finite area 
in two dimensions) bounded by a closed surface S (closed curve in two dimensions). Let L be a 
characteristic linear dimension of the inclusion. 
Then it has been shown in References [1-6) that if 
e ~ wl/c1 is small, the problem can be solved by a 
method of matched asymptotic expansions. In brief 
the technique is the following. 
Let us introduce non-dimensional inner vari-
ables 
X ~ x/l (2) 
Then equation (1) can be rewritten as 
(3) 
when 
The boundary conditions for this inner problem are 
provided by the continuity of displacement and 
*This research is supported in part by a grant 
(NSF-ENG76-04328) from the National Science 
Foundation 
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tractions across S. The solution to this inner 
problem is assuaed to be of the form 
where ~n+l/~n ~o as e ~ 0. Substitution of (4) in 
(3) and equating the terms of the same order from 
both sides leads to a set of equations for un. 
Since the solutions to these equations woula not 
satisfy the appropriate radiation conditions at 
infinity. the ~0 's are not completely determined. 
In order to complete the solution we formulate 
the outer problem in terms of the outer variables 
(5) 
and an assumed outer expansion 
u ~ u( i) + v (f) u ' + 
- - 1 - (6) 
wher~ vn+l/vn ~ 0 as n ~ ~. The equations governed 
by ~ n are 
(7) 
' 
and u0 satisfies the appropriate radiation condi-
tion. The solution is now completed by matching 
the nth order outer expansion of the mth order 
inner expansion with the mth oraer inner expansion 
of the nth order outer expansion.* It is found 
that in three dimensions ~n(e) and vn (e) are 
integer powers of e However, in two dimensions 
they are of the form F PR nCk (q<p). Using this 
approach we solved in Reference [1) the diffraction 
•The matching can also be done by introducing an 
intermediate variable as was done in Reference 
[2-6]. 
of elastic waves by a rigid spheroidal inclusion. 
For simplicity this analysis was confined to a 
plain longitudinal wave incident along the axis 
of symmetry. Results were presented for both the 
motion of the spheroid and the scattered far field • 
Figures 1-2 show the amplitudes of oscillation of 
different spheroids in comparison with the exact 
solutions obtained in References [7,8]. It is seen 
that the agreement is rather remarkable. In 
Figs.J-10 we show the ang~lar dependence of the 
far-field displacement components for scattering 
from rigid spheroids of different shapes. Here 
for prolate spheroids,and 
(9) 
The superscripts S or T stand for the cases when 
the spheroid is held fixed or not. a1 is a normal-ization constant and 
The Poisson's ratio has been taken to be l/4. 
Later Sangster [9] considered the more general case 
of oblique incidence. 
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Figure 1. Amplitude of oscillation of a prolate 
spheroid c1 = ~E ol". 
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Figure 2. Amplitude of oscillation of a rigid 
disc. 
Figure 3. Far field displacement amplitudes for 
scattering of longi tudi na 1 wave by 
rigid spheroids. 
Figure 4. Far field displacement amplitudes for 
scattering of longitudinal wave by 
rigid spheroids. 
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Figure 10. Far field displacement amplitudes for 
scattering of longitudinal wave by 
rigid spheroids. 
In References [2,3) the analysis was confined 
to the diffraction of an ~ntiplane shear wave by 
an elliptic cylinder and the far field was com-
puted to O(tZ) with£ = wl /Cz In this case. More 
recently (10] we have extended the calculations to 
O(t 4) and the for field displacement amplitudes 
are shown in fios. 11-12. In [11] we have anal-
yzed the problem of a branched crack and have de-
rived the results for an edge crack in a semi-
infinite plane. Angular dependence of the ampli-
tudes is shown in Fig. 13. It is shown in 1111 
that in two dimensions matched asymptotic ex-
pansions along with conformal mapping techniques 
can be used for arbitrarily shaped cavities. This 
is particularly useful for branched or curved 
cracks. 
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Back and fo~rd scattered amplitudes 
for scattering of antiplane shear 
waves by an elliptic inclusion. 
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Figure 12. Back and forward scattered amplitudes 
for scattering of antiplane shear 
waves by an elliptic inclusion . 
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Figure 13. far field displacement a~~~>litude for 
scattering of antiplane shear waves 
by an edge crack. 
Three dimensional diffraction by an elastic 
ellipsoidal Inclusion has been solved in Reference 
(5]. The far field displacement amplitudes are 
shown in Figs. 14-17 for ellipsoidal cavities 
of various shapes . Since the calculations were 
confined to the lowest order in £ the normalized 
amplitudes defined as 
g(t ,w) 
r' u (s) ' 
r -ir 
. - e 
f 3u 0 
u (s)tr' 
T-e-itr 
t uo 
do not depend on the frequency. 
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Figure 14. Back and forward scattered amplitudes 
of scattered longitudinal and shear 
waves for scattering by an ell ipsoidal 
cavity (Incident longitudinal wave). 
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Figure 15. Backscattered power for an incident 
longitudinal wave. 
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Figure 16. Back and forward scattered amplitudes 
of scattered shear wave (Incident 
shear· wave). 
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Figure 17. Far field displacement amplitudes for 
scattered longitudinal wave (Incident 
longitudinal wave). 
In conclusion we would like to point out that 
MAE can a 1 so be used to so 1 ve diffraction prob 1 ems 
in a half-space. This is discussed in Reference 
[12) in the context of diffraction by an elliptical 
inclusion and a circular cylindrical shell buried 
in a half-space. This extends the analysis for 
circular cavities presented in Reference (4). 
References 
1. Datta, S. K. and Sangster, J. D., SIAM J. Appl. 
Math., 26. 1g74, 350-369. 
2. Datta, S. K., Int. J. Solids and Str ., !Q, 1974, 
123-133. 
3. Datta, S. K., J. Appl. Mech., 42, 1975, 165-170. 
4. Datta, S. K., Proc. 12th Annual Meeting of the 
Society of Engineering Sci., University of 
Texas , Austin, 1975, 49-55 . 
 5. Datta, S. K., J. Acoust. Soc. Am., June 1977 
(To appear). 
6. Datta, S. K., Mechanics Tod?r, vol. 4, Ed. 
s. Nemat-Nasser, Pergammon ress, 1977. 149-
208 (To appear). 
7 . Olen, M. A. and Pao, Y; H., J. Appl. Mech. 40, 
1973, 1073-1077. 
8. Mal, A. K., Bull. Seis110. Soc. Am., §.!.., 1971, 
1717-1729. 
9 Sangster, J. D., The Scatterin_g_ of Plane 
Elastic Waves ~ Rrgi~roidal IncfUSions, 
~esls, Department of Mechanical Engl-
neering, University of Colorado, Boulder, 
Colo., 1974. 
10 Datta, S.K., "Scatterirlg by a Random Distri-
bution of Inclusions and Effective Elastic 
Properties," Report CUIER-77-5, June 1977. To 
be presented at the Second International 
Symposium on Continuum Models of Discrete 
Systems, Mont Gabriel, Quebec, June 26-July 2, 
1977. 
11. Datta, S. K., "DHfraction of SH-waves by a 
Brachned Crack," to be published. 
12. Datta, S. K., and El-Atily, N., "Diffraction 
of Elastic Waves in a Half-space. I: Integral 
Representations and Matched Asymptotic Expan-
sions," CUMER-77-6, June 1977. To be pre-
sented at the IUTAM Sywposium on Modern Prob-
lems in Elastic Wave Propagation, Evanston, 
Ill., Sept. 12-15, 1977. 
91 
